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Abstract. Let K = Q(√−D) be an imaginary quadratic field with discriminant
−D and with class number h, and χ the Dirichlet character corresponding to the extension
K/Q. Let m = 2n or 2n+ 1 with n a positive integer. Let f be a primitive form of weight
2k + 1 and character χ for Γ0(D), or a primitive form of weight 2k for SL2(Z) according
as m = 2n, or m = 2n + 1. For such an f let Lif t(m)(f ) be the lift of f to the space of
automorphic forms for U(m,m) constructed by Ikeda, and Im(f )i be its i-th component
for 1 ≤ i ≤ h. First we give an explicit formula for the Koecher-Maass series of Im(f )i .
This gives a refined version of our previous result of [Kat14]. As a consequence, we give an
explicit formula for the Koecher-Maass series L(s,Lif t(m)(f )) of Lif t(m)(f ). This gives
an adelic version of our previous result of [Kat14]. We also give an explicit formula for the
Koecher-Maass series of the adelic Hermitian Eisenstein series.
1. Introduction
In [Kat14], we gave an explicit formula of the Koecher-Maass series of the Hermitian
Ikeda lift. In this paper, we give a refined version of our previous result, and also give its
adelic version. We also give an explicit formula of the Koecher-Maass series of the adelic
Hermitian Eisenstein series. Let K = Q(√−D) be an imaginary quadratic field with
discriminant −D and with class number h, and Let O be the ring of integers in K, and
χ the Kronecker character corresponding to the extension K/Q. Let k be a non-negative
integer. Then for a primitive form f ∈  2k+1(Γ0(D), χ) and an integer 1 ≤ i ≤ h, Ikeda
[Ike08] constructed a lift I2n(f )i of f to the space of modular forms of weight 2k + 2n
and a character det−k−n for Γ (m)i , where Γ
(m)
i is a certain Hermitian modular group over
K , which will be defined in Section 2. Similarly for a primitive form f ∈  2k(SL2(Z))
he constructed a lift I2n+1(f )i of f to the space of modular forms of weight 2k + 2n and
a character det−k−n for Γ (m)i . For the rest of this section, let m = 2n or m = 2n + 1. We
then call Im(f )i the Ikeda lift of f for Γ
(m)
i or the Hermitian Ikeda lift of degree m. Ikeda
also showed that the automorphic form Lif t(m)(f ) on the adele group U (m)(A) associated
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with Im(f )1, . . . , Im(f )h is a cuspidal Hecke eigenform under certain conditions onm and
f. We also call Lif t(m)(f ) the adelic Hermitian Ikeda lift. Then in [Kat14], we expressed
the Koecher-Maass series (K-M series) of Im(f )1 in terms of the L-functions related to
f. In this paper we give a similar formula for the Koecher-Maass series of any Im(f )i (cf.
Theorem 2.1). This gives a refined version of our previous result. As a consequence, we can
get an explicit formula of the Koecher-Maass series of Lif t(m)(f ) (cf. Theorem 2.2). The
main tool for giving such formulas is a refined version of the mass formula for the special
unitary group of an Hermitian matrix (cf. Proposition 3.6). This enables us to reduce our
computation to certain formal power series Pm,p(d;X, t) in t associated with local Siegel
series (cf. Theorem 3.8 and the proof of Theorem 2.1). Then by using results in [Kat14],
we give an explicit formula for the Koecher-Maass series of Im(f )i . We also give another
method for giving such a formula for the Koecher-Maass series of Lif t(m)(f ). Using the
same argument as in the proof, we can give an explicit formula of the Koecher-Maass
series of the adelic Hermitian Eisenstein series of any degree (cf. Theorem 2.3), which
can be regarded as a zeta function of a certain prehomogeneous vector space. We note that
explicit formulas of zeta functions of several types of prehomogeneous vector spaces were
also given by Saito[Sa99]. The method we use is a refined version of the mass formula for
the unitary group of an Hermitian matrix (cf. Proposition 3.1), which is different from the
above mass formula. By this formula, we can reduce our computation to a computation
of certain formal power series ˜Pm,p(d;X, t) in t associated with local Siegel series (cf.
Theorem 3.3.) In Section 5, we compute ˜Pm,p(d;X, t) using results in [Kat14], and we get
an explicit formula for the Koecher-Maass series of Lif t(m)(f ).
ACKNOWLEDGMENTS. The author thanks T. Watanabe for giving him many crucial
comments on the mass formula for the unitary group. The author also thanks the referee
for many useful comments. The author was partly supported by JSPS KAKENHI Grant
Number 24540005.
Notation. Let R be a commutative ring. We denote by R× and R∗ the semi-
group of non-zero elements of R and the unit group of R, respectively. For a subset S
of R we denote by Mmn(S) the set of (m, n)-matrices with entries in S. In particular put
Mn(S) = Mnn(S). We denote by 1m the unit matrix of degree m. Put GLm(R) = {A ∈
Mm(R) | detA ∈ R∗}, where detA denotes the determinant of a square matrix A. Let
K0 be a field, and K a quadratic extension of K0, or K = K0 ⊕ K0. In the latter case,
we regard K0 as a subring of K via the diagonal embedding. We also identify Mmn(K)
with Mmn(K0) ⊕Mmn(K0) in this case. If K is a quadratic extension of K0, let ρ be the
non-trivial automorphism of K over K0, and if K = K0 ⊕K0, let ρ be the automorphism
ofK defined by ρ(a, b) = (b, a) for (a, b) ∈ K.We sometimes write x instead of ρ(x) for
x ∈ K in both cases. Let R be a subring of K. For an (m, n)-matrix X = (xij )m×n write
X∗ = (xji)n×m, and for an (m,m)-matrix A, we write A[X] = X∗AX. Let Hern(R) de-
note the set of Hermitian matrices of degree n with entries in R, that is the subset ofMn(R)
consisting of matrices X such that X∗ = X. Then a Hermitian matrix A of degree n with
entries in K is said to be semi-integral over R if tr(AB) ∈ K0 ∩ R for any B ∈ Hern(R),
where tr denotes the trace of a matrix. We denote by ̂Hern(R) the set of semi-integral
matrices of degree n over R.
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For a subset S ofMn(R) we denote by S× the subset of S consisting of non-degenerate
matrices. If S is a subset of Hern(C) with C the field of complex numbers, we denote by
S+ the subset of S consisting of positive definite matrices. The group GLn(R) acts on the
set Hern(R) in the following way:
GLn(R)× Hern(R)  (g, A) −→ g∗Ag ∈ Hern(R) .
Let G be a subgroup of GLn(R). For a G-stable subset B of Hern(R) we denote by B/G
the set of equivalence classes of B under the action ofG.We sometimes identify B/G with
a complete set of representatives of B/G. We abbreviate B/GLn(R) as B/ ∼ if there is
no fear of confusion. Two Hermitian matrices A and A′ with entries in R are said to be
G-equivalent and write A ∼G A′ if there is an element X of G such that A′ = A[X]. For






We put e(x) = exp(2π√−1x) for x ∈ C, and for a prime number p we denote by
ep(∗) the continuous additive character of Qp such that ep(x) = e(x) for x ∈ Z[p−1].
For a prime number p we denote by ordp(∗) the additive valuation of Qp normalized
so that ordp(p) = 1, and put |x|p = p−ordp(x). Moreover we denote by |x|∞ the absolute
value of x ∈ C. For a prime number p putKp = K ⊗ Qp, and Op = O⊗ Zp. Then Kp is
a quadratic extension of Qp orKp = Qp ⊕ Qp. In the former case, for x ∈ Kp, we denote
by x the conjugate of x over Qp. In the latter case, for x = (x1, x2) with xi ∈ Qp, we put
x = (x2, x1). For x ∈ Kp we define the norm NKp/Qp (x) by NKp/Qp (x) = xx, and put
νKp(x) = ordp(NKp/Qp (x)), and |x|Kp = |NKp/Qp (x)|p. Moreover put |x|K∞ = |xx|∞
for x ∈ C.
2. Main results





∈ SL2(Z) | c ≡ 0 mod N}, and for
a Dirichlet character ψ mod N, we denote by l (Γ0(N),ψ) the space of modular forms
of weight l for Γ0(N) and nebentype ψ, and by  l(Γ0(N),ψ) its subspace consisting of
cusp forms. We simply write l (Γ0(N),ψ) (resp.  l(Γ0(N),ψ)) as l (Γ0(N)) (resp. as
 l (Γ0(N))) if ψ is the trivial character.
Throughout the paper, we fix an imaginary quadratic extension K of Q with discrim-
inant −D, and denote by O the ring of integers in K. For a non-degenerate Hermitian
matrix or alternating matrix T with entries in K, let UT be the unitary group defined over
Q, whose group UT (R) of R-valued points is given by
UT (R) = {g ∈ GLm(R ⊗K) | T [g] = T }
for any Q-algebra R, where g denotes the automorphism of Mn(R ⊗ K) induced by the
non-trivial automorphism ofK over Q. We also define the special unitary group SUT over
Q by SUT = UT ∩ ResK/Q(SLm), where ResK/Q is the Weil restriction. In particular we






U (m)(Q) = {M ∈ GL2m(K) | Jm[M] = Jm} .
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Put
Γ (m) = Γ (m)K = U (m)(Q) ∩GL2m(O) .
Let m be the Hermitian upper half-space defined by
m = {Z ∈ Mm(C) | 1
2
√−1 (Z − Z
∗) is positive definite} .
The group U (m)(R) acts on m by
g〈Z〉 = (AZ + B)(CZ +D)−1 for g = ( A BC D
) ∈ U (m)(R), Z ∈ m.
We also put j (g, Z) = CZ + D for such Z and g. Let l be an integer. For a subgroup
Γ of U (m)(Q) commensurable with Γ (m) and a character ψ of Γ, we denote by l (Γ,ψ)
the space of holomorphic modular forms of weight l with character ψ for Γ. We denote by
 l (Γ,ψ) the subspace ofl (Γ,ψ) consisting of cusp forms. In particular, if ψ is the char-
acter of Γ defined by ψ(γ ) = (det γ )−l for γ ∈ Γ, we write 2l(Γ,ψ) as 2l(Γ, det−l ),
and so on.
Now we consider the adelic modular form. Let A be the adele ring of Q, and Af
the non-archimedian factor of A. Let h = hK be a class number of K. Let G(m) =
ResK/Q(GLm), and G(m)(A) be the adelization of G(m). Moreover put C(m) =
∏
p GLm(Op). Let U (m)(A) be the adelization of U (m). We define the compact subgroup
K(m)0 of U (m)(Af ) by U (m)(A) ∩
∏


























−l ), we define (F1, ..., Fh)	 by
(F1, ..., Fh)
	(g) = Fi(x〈i〉)j (x, i)−2l (det x)l
for g = uγixκ with u ∈ U (m)(Q), x ∈ U (m)(R), κ ∈ K(m)0 , where i =
√−11m. We denote
by M2l(U (m)(Q)\U (m)(A), det−l ) the space of automorphic forms obtained in this way.
We also put
S2l(U (m)(Q)\U (m)(A), det−l ) = {(F1, ..., Fh)	 | Fi ∈  2l (Γ (m)i , det−l )} .
We can define the Hecke operators which act on the space
M2l(U (m)(Q)\U (m)(A), det−l ). For the precise definition of them, see [Ike08].
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T :semi positive definite
aF (T )e(tr(T Z)) ,
where
̂Herm(O)i = {T ∈ Herm(K) | t∗i,pT ti,p ∈ ̂Herm(Op) for any p} .
We then define the Koecher-Maass series L∗(s, F ) and L(s, F ) of F by










L(s, F ) =
∏
p




(detT )s#(U ′i,T )
,
where Ui = GLm(K) ∩ (GLm(C)ti∏p GLm(Op)t−1i ), Ui,T = {γ ∈ Ui | γ ∗T γ = T },
andU ′i = Ui∩SLm(K), U ′i,T = Ui,T ∩SLm(K).We also define the Koecher-Maass series
L∗(s, F ) of F = (F1, . . . , Fh)# ∈ M2l(U (m)(Q)\U (m)(A), det−l ) by




L∗(s, Fi ) .
We note that
L∗(s, Fi ) = 1
#(O∗)L(s, Fi ) ,
and hence





L(s, Fi ) .
For a non-degenerate Hermitian matrix B with entries in Kp of degree m, put γ (B) =
(−D)[m/2] detB. We put ξp = 1,−1, or 0 according as Kp ∼= Qp ⊕ Qp,Kp is an un-
ramified quadratic extension of Qp, or Kp is a ramified quadratic extension of Qp. For
T ∈ ̂Herm(Op)× we define the local Siegel series bp(T , s) by




where μp(R) = [ROmp + Omp : Omp ]. We remark that there exists a unique polynomial
Fp(T ,X) in X such that








(1 − ξpp2i−1−s )
(cf. Shimura [Sh97]). We then define a Laurent polynomial ˜Fp(T ,X) as
˜Fp(T ,X) = X−ordp(γ (T ))Fp(T , p−mX2) .
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We remark that we have
˜Fp(T ,X
−1) = (−D, γ (T ))p˜Fp(T ,X) if m is even,
˜Fp(T , ξpX
−1) = ˜Fp(T ,X) if m is even and p  D,
and
˜Fp(T ,X
−1) = ˜Fp(T ,X) if m is odd
(cf. [Ike08]). Here (a, b)p is the Hilbert symbol of a, b ∈ Q×p . Hence we have
˜Fp(T ,X) = (−D, γ (B))m−1p Xordp(γ (T ))Fp(T , p−mX−2).






be a primitive form in  2k+1(Γ0(D), χ). For a prime number p not dividingD let αp ∈ C
such that αp + χ(p)α−1p = p−ka(p), and for p | D put αp = p−ka(p). We note that
αp = 0 even if p|D. Then for the Kronecker character χ we define Hecke’s L-function
L(s, f, χi ) twisted by χi as
L(s, f, χi ) =
∏
pD
{(1 − αpp−s+kχ(p)i)(1 − α−1p p−s+kχ(p)i+1)}−1
×
{ ∏
p|D(1 − αpp−s+k)−1 if i is even
∏
p|D(1 − α−1p p−s+k)−1 if i is odd.
In particular, if i is even, we sometimes write L(s, f, χi ) as L(s, f ) as usual. Moreover for




aIm(f )i (T )e(tr(T Z)) ,
where
aI2n(f )i (T ) = |γ (T )|k
∏
p
| det(ti,p)|nKp˜Fp(t∗i,pT ti,p, α−1p ) .






be a primitive form in 2k(SL2(Z)). For a prime numberp let αp ∈ C such that αp+α−1p =
p−k+1/2a(p). Then we define Hecke’s L-function L(s, f, χi ) twisted by χi as




{(1 − αpp−s+k−1/2χ(p)i)(1 − α−1p p−s+k−1/2χ(p)i)}−1 .
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In particular, if i is even we write L(s, f, χi ) as L(s, f ) as usual. Moreover for i = 1, ..., h




aI2n+1(f )i (T )e(tr(T Z)),
where
aI2n+1(f )i (T ) = |γ (T )|k−1/2
∏
p
| det(ti,p)|n+1/2Kp ˜Fp(t∗i,pT ti,p, α−1p ) .
Remark. In [Ike08], Ikeda defined ˜Fp(T ,X) as
˜Fp(T ,X) = Xordp(γ (T ))Fp(T , p−mX−2) ,
and we define it by replacing X with X−1 in this paper. This change does not affect the
results.
Then Ikeda [Ike08] showed the following:
Let m = 2n or 2n + 1. Let f be a primitive form in  2k+1(Γ0(D), χ) or in
 2k(SL2(Z)) according as m = 2n or m = 2n + 1. Then Im(f )i(Z) is an element
of  2k+2n(Γ (m)i , det
−k−n) for any i. In particular, Im(f ) := Im(f )1 is an element of
 2k+2n(Γ (m), det−k−n).
This is a Hermitian analogue of the lifting constructed in [Ike01]. We call Im(f )i the
Ikeda lift of f forΓ (m)i .By the above result, we can define an element (Im(f )1, ..., Im(f )h)
	
of S2k+2n(U (m)(Q)\U (m)(A), det−k−n), which we write Lif t(m)(f ). Then Ikeda also
showed the following
Let m = 2n or 2n + 1. Suppose that Lif t(m)(f ) is not identically zero. Then
Lif t(m)(f ) is a Hecke eigenform in S2k+2n(U (m)(Q)\U (m)(A), det−k−n) and its standard




L(s + k + n− i + 1/2, f )L(s + k + n− i + 1/2, f, χ)
up to bad Euler factors.
We call Lif t(m)(f ) the adelic Ikeda lift of f for U (m).
LetQD be the set of prime divisors ofD. For each prime q ∈ QD, putDq = qordq(D).
We define a Dirichlet character χq by
χq(a) =
{
χ(a′) if (a, q) = 1
0 if q|a ,
where a′ is an integer such that
a′ ≡ a modDq and a′ ≡ 1 modDD−1q .
For a subset Q of QD put χQ = ∏q∈Q χq and χ ′Q =
∏
q∈QD,q ∈Q χq. Here we make the


















χQ(p)cf (p) if p ∈ Q
χ ′Q(p)cf (p) if p ∈ Q
.
We defineL(s, χi ) = ζ(s) orL(s, χ) according as i is even or odd, where ζ(s) and L(s, χ)
are Riemann’s zeta function, and, the Dirichlet L-function for χ, respectively. Moreover
we put
˜Λ(s, χi) = 2(2π)−sΓ (s)L(s, χi )
with Γ (s) the Gamma function. Then our main results in this paper are as follows:
THEOREM 2.1. Let r be a positive integer not greater than h.
(1) Put cr = ∏p p−νKp (det tr,p). Let k be a nonnegative integer and n a positive integer. Let
f be a primitive form in  2k+1(Γ0(D), χ). Then, we have












L(s − 2n+ i, fQ, χi−1) .
(2) Let k be a positive integer and n a non-negative integer. Let f be a primitive form in
 2k(SL2(Z)). Then, we have








L(s − 2n− 1 + i, f, χi−1) .
In the case r = 1, the above results coincide with [[Kat14], Theorems 2.3 and 2.4].





χQ((−1)ncr ) = h, χ((−1)n)h, or 0
according as Q = ∅,QD, or otherwise. Moreover we have ˜Λ(1, χ)D1/2#(O∗)/2 = h.
Hence we obtain
THEOREM 2.2. (1) Let k be a nonnegative integer and n a positive integer. Let f
be a primitive form in  2k+1(Γ0(D), χ). Then, we have













L(s − 2n+ i, f, χi)} .
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(2) Let k be a positive integer and n a non-negative integer. Let f be a primitive form in
 2k(SL2(Z)). Then, we have









In the case where m is odd, L∗(s, Lif t(2n+1)(f )) coincides with L(s, Im(f )) up to
constant multiple, however, in the case wherem is even, it does not, and it becomes simpler
than L(s, Im(f )) in general. We will give another proof to Theorem 2.2 in Section 5.
By using the same argument as in Section 5, we can also give an explicit formula for the
Koecher-Maass series of the adelic Eisenstein series on U (m)(A). Let P be the maximal
parabolic subgroup of U (m) defined by
P(R) = {γ = ( a b0 d
) ∈ U (m)(R)}



















| det(dpdp)|−lp j (g∞, i)−2l(det g∞)l .
We then define the normalized Eisenstein series as








Let ti = (ti,p) be the element of G(m)(Af ) defined before. Then we note that E(m)2l is
written as










L(j − 2l, χj−1)
∑
g∈(Γ (m)i ∩P(Q))\Γ (m)i
(det g)lj (g, Z)−2l





| det(ti,p)|m/2Kp ˜Fp(t∗i,pT ti,p, pl−m/2) .


















L(s − 2n+ i, χi)L(s − 2k − 2n+ i, χi−1}.
(2) Let k be a positive integer and n a non-negative integer. Let f be a primitive form in
 2k(SL2(Z)). Then, we have










L(s − 2n− 1 + i, χi−1)L(s − 2k − 2n− 1 + i, χi) .
3. Reduction to local computations
To prove our main results, we give explicit formulas for R(s, Im(f )i). To do this, we
reduce the problem to local computations. Throughout the rest of this paper, let Kp be a
quadratic extension of Qp or Kp = Qp ⊕ Qp. In the former case let Op be the ring of
integers in Kp, and fp the exponent of the conductor of Kp/Qp, and put ep = fp − δ2,p,
where δ2,p is Kronecker’s delta. In the latter case, put Op = Zp ⊕ Zp, and ep = fp = 0.
Moreover put ˜Herm(Op) = pep̂Herm(Op). We note that ˜Herm(Op) = Herm(Op) if Kp is
not ramified over Qp. LetK be an imaginary quadratic extension of Q with the discriminant
−D.We then put ˜D = ∏p|D pep , and˜Herm(O) = ˜DHerm(O) .Now letm and l be positive
integers such that m ≥ l. Then for an integer a and A ∈ ˜Herm(Op), B ∈ ˜Herl(Op) put
Aa(A,B) = {X ∈ Mml(Op)/paMml(Op) | A[X] − B ∈ pa˜Herl (Op)} ,
and
Ba(A,B) = {X ∈ Aa(A,B) | rankOp/pOpX = l} .
Assume that A and B are non-degenerate. Then the number pa(−2ml+l2)#Aa(A,B) is
independent of a if a is sufficiently large. Hence we define the local density αp(A,B)









ϒa(A) = {X ∈ Mml(Op)/paMml(Op) | A[X] − A ∈ paHerl (Op)} .
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˜Herm(Op)t−1i,p ) ∩ Herm(K)+ .
Fix a positive integer r ≤ h. For T ∈ ˜Herm(O)+r and a positive integer i ≤ h, let Gr,i (T )
denote the set of Ui-equivalence classes of elements T ′ of Herm(K)+ such that t∗i T ′ti
belongs to the genus of t∗r T tr . We fix a complete set of representatives of Gr,i (T ) and





























Proof. LetMm be the affine space of allm×mmatrices defined overK, and Herm =
{X ∈ Mm | X∗ = X}, We take an element η of O such that {1, η} forms an integral basis
of O. We then define an m2 form ω on UT by
ω(z) = (−√−D)−m(m+1)dλm(z)/dσm(z∗T z) ,
where
dλm(z) = ∧1≤i,j≤m(dzij ∧ dzij ), z = (zij ) = (xij )+ (yij )η ∈ ResK/Q(Mm) ,
and
dσm(s)=∧mi=1dsii∧∧1≤i<j≤m(dsij ∧dsij ), s=(sij )=(uij )+(vij )η ∈ ResK/Q(Herm) .
Since dλm(z)(det(zij )det(zij ))−m and dσm(z∗T z)(det(zij )det(zij ))−m are G(m)-invariant
forms, ω defines a gauge form on UT . We note that
dλm(z) = (−
√−D)2m2 ∧1≤i,j≤m (dxij ∧ dyij ) ,
and
dσm(z
∗T z) = (−√−D)−m(m−1) ∧mi=1 dfii ∧ ∧1≤i<j≤m(dgij ∧ dhij ) ,
where z∗T z = (fij )m×m with fij = gij + hij η for i = j. Hence we have






(1 + p−1)−1 if Kp/Qp is unramified
(1 − p−1)−1 if Kp = Qp ⊕ Qp
1 if Kp/Qp is ramified.
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Then we can take {̃u−1p }p as the convergence factors of the Tamagawa measure |ω|A and










where Kr,T = UT (R)∏p<∞(tr,pGLm(Op)t−1r,p ∩ UT (Kp)), and H is the class number of
UT with respect to Kr,T . It is known that the Tamagawa number of UT is 2 (cf. [Mar69]).














|ω|p) = 2 ,
where
j = δjKr,T δ−1j ∩ UT (Q) .
Let R = {j }Hj=1, and put R′ =
⊔h
i=1 R′i , where R′i = {Ui,T ′ | T ′ ∈ Gr,i (T )}. Take an
element j = δjKr,T δ−1j ∩ UT (Q) of R. Then δj tr can be written as δj tr = ãtij ṽ with
some integer 1 ≤ ij ≤ h and ã ∈ G(m)(Q) and ṽ ∈ C(m)G(m)(R). Put T ′′ = ã∗T ã. Then
we easily see that T ′′ is an element of ˜Herm(Op)+ij , and t
∗
ij
T ′′tij belongs the genus of t∗r T tr .
Thus there exists an element u ∈ Uij such that u∗T ′′u ∈ Gr,ij (T ). Hence we can take an
element a ∈ G(m)(Q) and v ∈ C(m)G(m)(R) such that δj tr = atij v and a−1j a = Uij ,T ′
for some T ′ ∈ Gr,i (T ). Hence we can define a mapping Φ from R to R′ by Φ(j ) =









T ′∈Gr,i (T )
#(Ui,T ′)
−1 .
On the other hand we have
∫
tr,pGLm(Op)t−1r,p∩UT (Kp)








Xr,T (Op) = {X ∈ Mm(Op) | t∗r,pT tr,p[X] = t∗r,pT tr,p} .
By the definition of the measure |ωr,p| and [Ya83], we have
∫
Xr,T (Op)
|ωr,p| = υp(t∗r,pT trp ) .
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Thus by [Kat14], Lemma 3.1, we have
∫
Xr,T (Op)
|ωr,p| = p−νKp (det tr,p)mpm(m+1)fp/2−m2δ2,pαp(t∗r,pT tr,p) ,









We note that the infinite product
∏
p αp(T ) and
∏
p ũp are (absolutely or conditionally)
convergent, and
∏
p ũp = L(1, χ). This proves the assertion. 
For each T ∈ ˜Herm(Op)× put F (0)p (T ;X) = Fp(p−ep T ,X) and F̃ (0)p (T ;X) =
F̃p(p








Let ιm,p be the constant function of ˜Her
×




1 if detA ∈ NKp/Qp (Kp)
−1 otherwise .
We sometimes drop the suffix and write ιm,p as ι and the others if there is no fear of confu-
sion. An explicit formula for ˜Pm,p(ωp;X, t) will be given in the next section forωp = ιm,p






where ti = (ti,p) is the element of G(m)(Af ) defined before. We define the equivalence






j,p) ∩ Herm(K) we write A ≈ B if t∗i,pAti,p is GLm(Op)-equivalent
to t∗j,pBtj.p for any prime number p. We also put






εp(A) = 1} .
For each element A ∈ ˜Herm(O)+i we put φ(A) = t∗i Ati . Then φ(A) belongs to
∏
p Herm(Op), and φ induces a mapping from ˜Herm/ ≈ to ˜Her′m, which will be denoted
also by φ.
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PROPOSITION 3.2. The above φ is bijective.
Proof. The infectivity is clear. To prove the surjectivity, let (Ap) be an element of
˜Herm. Then by the Hasse principle for Hermitian forms, there exists an element B ′ of
Herm(K) such that
B ′ = γ ∗p−1Apγ−1p
with some γp ∈ GLm(Kp) for any p. Then we may assume that γ = (γp) is an element of
G(Af ). Hence there exit an integer 1 ≤ i ≤ h, a ∈ GLm(K), (up) ∈ ∏p GLm(Op), and
u∞ ∈ GLm(C) such that
γp = ati,pupu∞
for any p. Put B = a∗B ′a. Then it is easily seen that B belongs to ˜Herm and φ(B) = (Ap).
This proves the assertion. 
THEOREM 3.3. For each (Ap)∈˜Her′m and i, let Gi ((Ap)) denote theUi-equivalence





















Proof. By Proposition 3.2, there exist a positive integer r ≤ h and an element T ∈
˜Herm(K)+ such that t∗r,pT tr,p ∼GLm(Op) Ap for any p, and hence we have M((Ap)) =
Mr(T ). Thus by Proposition 3.1, we prove the assertion. 
THEOREM 3.4. Let f be a primitive form in  2k+1(Γ0(D), χ) or in  2k(SL2(Z))







where l0 = 0 or 1 according as m is even or odd. Then for Re(s) >> 0, we have






˜Pm,p(ιp; α−1p , p−s+k+2n+l0/2)+
∏
p


















| det ti,p|n+l0/2Kp ˜F (0)(t∗i,pT ti,p, α−1p ) .
Hence by (2) of Proposition 3.2, and Theorem 3.3, we have












p(s+k+2n+l0/2)ordp(detAp)˜F (0)(Ap, α−1p )
αp(Ap)
.
Then by using the same argument as in the proof of Proposition 2.2 of [IS95], we prove the
assertion. (See also [IK04].) 
By using the same argument as above, we can prove the following:
THEOREM 3.5. Let m = 2n or 2n+ 1, and let μm,k,D and l0 be as above. Then for














Now we consider a refined version of the mass formula for SUT . For an element
T ∈ ˜Herm(O)+i , let G′i (T ) denote the set of U ′i -equivalence classes of positive definite
Hermitian matrices T ′ ∈ Herm(O)+i , such that t∗i T ′ti is SLm(Op)-equivalent to t∗i T ti for
any prime number p. Moreover put
M∗i (T ) =
∑
T ′∈G ′i (T )
1
#(U ′i (T ′))
Let U1 be the unitary group defined in Section 1. Namely let
U1 = {u ∈ ResK/Q(GL1) | uu = 1} .
For an element T ∈ Herm(Op), let
Ũp,T = {detX | X ∈ UT (Op)} .






(1 + p−1)−1 if Kp/Qp is unramified
(1 − p−1)−1 if Kp = Qp ⊕ Qp
2−1 if Kp/Qp is ramified.
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PROPOSITION 3.6. Let T ∈ ˜Herm(O)+r . Then













where cD = 1 or 0 according as 2 dividesD or not.
Proof. The assertion can be proved by using the same argument as in the proof of
Proposition 3.1 and [[Kat14], Proposition 3.1]. But for the sake of completeness we here
give an outline of the proof. Let ω be the gauge form on UT defined in the proof of propo-
sition 3.1. We also define a gauge form ω̃ on SUT by
ω̃ = ω/dt ,
where dt is the 1-form on U1 normalized so that
∫
U1(Op)
|dt|p = u−1p .





We recall that the Tamagawa number of SUT is 1 (cf. Weil [We82]). We also note that the
strong approximation theorem holds for SLm, and hence we have





(SUT (Kp) ∩ tr,pSLm(Op)t−1r,p) .



















On the other hand, we have
υp(t
∗














This completes the proof. 
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For a subset T of Kp put
Herm(T ) = Herm(Kp) ∩Mm(T ) ,
and for a subset S of Kp put
Herm(S,T ) = {A ∈ Herm(T ) | detA ∈ S} ,
and ˜Herm(S,T ) = Herm(S,T )∩˜Herm(Op). In particular if S consists of a single element
d we write Herm(S,T ) as Herm(d,T ), and so on. For d ∈ Z>0 we also define the set









The mapping T → φr(T ) induces a mapping from ˜Herm(O)+r /
∏
p(tr,pSLm(Op)t−1r,p ) to
˜Herm, which will be denoted also by φr .
For a positive rational number d such that ordp(d) ≥ −ordp(det tr,pdet tr,p) for any
prime number p, we put





(˜Herm(dNKp/Qp (det tr,p),Op)/SLm(Op)) .
PROPOSITION 3.7. Let the notation and the assumption be as above. Then the map-
ping φr induces a bijection from ˜Herm(d,O)+r /
∏
p(tr,pSLm(Op)t−1r,p) to ˜Herm(d)r, which
will be denoted also by φr .






Then the assertion can be proved by using the same argument as in the proof of [[Kat14],
Proposition 3.3]. 









THEOREM 3.8. Let f be a primitive form in  2k+1(Γ0(D), χ) or in  2k(SL2(Z))
according as m = 2n or 2n+ 1. For an integer 1 ≤ r ≤ h let cr = ∏p p−νKp (det tr,p) be as
before, and a positive integer d0 put
bm,r(f ; d0) =
∏
p




where αp is the Satake p-parameter of f. Then for Re(s) >> 0, we have




bm,r (f ; d0)d−s+k+2n+l0/20 .
Proof. The assertion can be proved by Propositions 3.6 and 3.7 in the same way as
[[Kat14], Theorem 3.4]. 
4. Proof of Theorem 2.1






















is χKp((−1)m/2d)λ∗m,p(d,X) or λ∗m,p(d,X) according as m is even and Kp is a field, or
not.
Remark 1. By [[Kat14], Proposition 4.3.7], we have
λ∗m,p(d,X) = upλm,p(d,X)
for d ∈ Z×p and therefore
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Remark 2. We note that Pm,p(d0,X, t) = P̂m,p(d0,X, t) unless m is even and Kp is




2n,p(X, t) = P (0)2n,p(X, t) and P̂ (1)2n,p(X, t) = P (1)2n,p(X, χKp(p)t)
(cf. [[Kat14], Corollary to Theorem 4.3.6].)
Proof of (1) of Theorem 2.3 The proof is merely a modification of the proof of
[[Kat14], Theorem 2.3]. But for the sake of convenience, we here give a complete proof.
For a while put λ∗p(d) = λ∗m,p(d, α−1p ). Then by Theorem 3.8 and Remark 1, we have






(u−1p λ∗p(crNKp/Qp (det tr,p)d))d−s+k+2n .
Then by (1) and (2) of Theorem 4.3.1, and (1) of [[Kat14], Theorem 4.3.6],
λ∗p(crNKp/Qp (det tr,p)d) depends only on pordp(d) if p  D. Hence we write
λ∗p(crNKp/Qp (det tr,p)d) as˜λp(pordp(d)). On the other hand, if p | D, by (3) of [[Kat14],
Theorem 4.3]. and , (2) of [[Kat14], Theorem 4.3.6], λ∗p(d) can be expressed as
λ∗p(d) = λ(0)p (d)+ χKp((−1)ncrNKp/Qp (det tr,p)dp−ordp(d))λ(1)p (d) ,
where λ(l)p (d) is a rational number depending only on pordp(d) for l = 0, 1. Hence we write
λ
(l)
p (d) as ˜λ
(l)
p (p
ordp(d)). Note that χKp((−1)ncrNKp/Qp (det tr,p)dp−ordp(d)) =
χKp((−1)ncrdp−ordp(d)). Hence we have











































for an integerm coprime to any q ∈ Q, and




for any p ∈ Q. Hence, by [[Kat14], Theorems 4.3.1 and 4.3.6], and Remark 2, we have


























































Now for l = 0, 1 write P (l)2n,p(X, t) as
P
(l)
2n,p(X, t) = tnip ˜P (l)2n,p(X, t) ,
where ip = 0 or 1 according as 4||D and p = 2, or not. Notice that up = (1−χ(p)p−1)−1
if p  D and up = 2−1 if p|D. Hence we have












































χ ′Q(p) = 1.
Thus the assertion follows from [[Kat14], Theorem 4.3.1].
Proof of (2) of Theorem 2.1. The assertion follows directly from Theorem 3.8 and
[[Kat14], Theorems 4.3.2].
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5. Another proof of Theorem 2.2
In this section, we give another proof to Theorem 2.2. This is much simpler than the
previous proof, and it seems interesting in its own right. This method is also applicable to
a proof of Theorem 2.3. To do this, we give the relation between two formal power series
P̂m,p(d0,X, t) and ˜Pm,p(εl,X, t).
PROPOSITION 5.1. Let m be a positive integer.
(1) Assume that Kp is an unramified quadratic extension of Qp. Then we have
˜Pm,p(ι,X, t) = P̂m,p(d0,X, t) ,
and
˜Pm,p(ε,X, t) = P̂m,p(d0,X,−t)
for any d0 ∈ Z∗p.
(2) Assume that Kp = Qp ⊕ Qp. Then we have
˜Pm,p(ι,X, t) = ˜Pm,p(ε,X, t) = P̂m,p(d0,X, t) ,
for any d0 ∈ Z∗p.










Put φm(q) = ∏mi=1(1 − qi).
By explicit formulas for P̂m,p(d,X, t) in [[Kat14], Theorem 4.3.6], we have the fol-
lowing two theorems:
THEOREM 5.2. Let m = 2n be even.
(1) Assume that Kp is an unramified quadratic extension of Qp. Then
˜P2n,p(ι,X, t) = 1
φm(−p−1)∏mi=1(1 − t (−p)−iX)(1 + t (−p)−iX−1)
,
and
˜P2n,p(ε,X, t) = 1
φm(−p−1)∏mi=1(1 + t (−p)−iX)(1 − t (−p)−iX−1)
.
(2) Assume that Kp = Qp ⊕ Qp. Then for ω = ι, ε,
˜P2n,p(ω,X, t) = 1
φm(p−1)
∏m
i=1(1 − tp−iX)(1 − tp−iX−1)
.
(3) Assume that Kp is a ramified quadratic extension of Qp. Then












i=1(1 − tp−2iχKp(p)X−1)(1 − tp−2i+1χKp(p)X)
.
THEOREM 5.3. Letm = 2n+1 be odd. (1) Assume thatKp is unramified over Qp.
Then
˜P2n+1,p(ι,X, t) = 1
φm(−p−1)∏mi=1(1 + t (−p)−iX)(1 + t (−p)−iX−1)
,
and
˜P2n+1,p(ε,X, t) = 1
φm(−p−1)∏mi=1(1 − t (−p)−iX)(1 − t (−p)−iX−1)
.
(2) Assume that Kp = Qp ⊕ Qp. Then for ω = ι, ε.
˜P2n+1,p(ω,X, t) = 1
φm(p−1)
∏m
i=1(1 − tp−iX)(1 − tp−iX−1)
.
(3) Assume that Kp is ramified over Qp. Then




i=1 (1 − tp−2i+1X)(1 − tp−2i+1X−1)
,
and
˜P2n+1,p(ε,X, t) = 0 .
Proof of Theorems 2.2 and 2.3. Theorems 2.2 and 2.3 follow directly from Theorems
3.4, 3.5, 5.2, and 5.3.
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